The University of Manitoba Sieve Unit is used to find several values of A (> 0) such that the quadratic polynomial x + x + A will have a large asymptotic density of prime values. The Hardy-Littlewood constants which characterize this density are also evaluated.
Introduction
Let fA(x) = x + x + A (A e Z, A > 0) and let PA(n) represent the number of prime values assumed by fiA (x) for x = 0, 1,...,«
. In 1772 Euler discovered that P41(39) = 40. Indeed, the polynomial x +X+41 is well known to all students of number theory because of this remarkable property. Consider, however, the much less famous polynomial x +X+27941 discovered, according to Karst [4] , by Beeger in 1938. Here Pm4x(39) = 30; but, P27941( 1000000) = 286128, whereas P41(1000000) = 261080. It appears, then, that while f4l(x) starts off very well in the production of primes, the rather more modest /2794i (x) begins to better its famous rival as the values of x become large.
This phenomenon could have been predicted from Hardy and Littlewood's [3] Conjecture F . For the case of polynomials of the form fA(x) this conjecture can be given as 
2) C(D) = H(l-(D/p)/(p-l)).
The product in ( 1.2) is taken over all the odd primes p , and by (fp) we denote the Legendre symbol. Shanks [14] has computed C(-163) = 3.3197732 and C(-111763) = 3.6319998. Thus, on the basis of Conjecture F one would expect that for sufficiently large values of n , r^2794|(«) would exceed P4X(n),
and this is what we have observed. Indeed, to five significant figures P41(100000)/L41( 1000000) = 3.3203, P2194x (1000000)/L27941( 1000000) = 3.6397, both of which are quite close to their respective C(Z))-values. The purpose of this note is to find other polynomials fA(x) which have a high asymptotic density of prime values. We will do this by determining those values of D for which the Hardy-Littlewood constant C(D) should be large, and then evaluating C(D) to eight significant figures. If Conjecture F is true, then the corresponding values of A should provide us with the desired polynomials. We point out here that all previous numerical tests of Conjecture F have tended to confirm its truth (see ).
Strategy for finding values of D
We first note that since we want fiA(x) to assume prime values, then A must be odd; hence, -D = 4A -1 = 3 (mod 8). In order to maximize the asymptotic value of PA(n), we can maximize C(D). According to (1.2) this means that we would want (D/p) = -1 for as many of the small primes p as possible. As noted by Lehmer [5] , we can also look at this from the point of view of restricting the number of possible small prime divisors of fA(x). If (D/p) = -1, then p cannot divide fA(x) for any value of x; thus, if (D/p) = -1 for many small primes p, then the composite values that fA(x) can assume are considerably restricted. It follows that fA(x) should frequently be a prime.
If we let Nr denote the least positive integer such that Nr = 3 (mod 8) and (Nr/p) = -(-l/p) for all odd primes p < pr, where pr is the rth prime, then -Nr should be a good candidate for the kind of D-value that we are seeking. This was the strategy used in [5] to find values for D. In Table 2 .1 we give all the values of Nr up to r = 42.
The values of Nr for r < 28 are given in [5] ; the values of Nr for r < 38 are given in Lehmer, Lehmer, and Shanks [6] ; and the values of Nr for r = 39 , 40, 41, 42 were found by D. H. Lehmer but have not been previously published, except for N42 which appears in Shanks [ 15] .
To find all these values of A/., Lehmer made use of mechanized or electronic number sieving devices. Such specialized machines are small, fast, and much less expensive than general purpose computers. In the production of the numbers presented in this paper we made use of the University of Manitoba Sieve Unit (UMSU) [8] . This device solves systems of linear congruences at a trial rate of 133,000,000 numbers per second. Thus, in about three months of continuous use, we were able to examine numbers up to 10 Note that Beeger's number, 111763, is not in Table 2 .1, yet it has a better C(£>)-value than C(-77683) = 3.3003388 < C(-163).' If we put NrX = Nr above and define Nr , (/ > 1) as the least integer greater than Nr ,_, such that Nr . = 3 (mod 8) and (Nr Jp) = -1 for all odd primes p < pr, then 111763 = N4i 2. Thus, instead of attempting simply to tabulate more Nr values than those given in Table 2 .1, we used UMSU to compute Nr , for r < 40 and i < 10. For r = 41 we let UMSU continue to find values of Nr . until these values exceeded 101 . We were thus able to find all N4X . for i < 15. Having these candidates for D, the next problem is to determine those that yield the largest C(D) values. Unfortunately, the product (1.2) converges very slowly; hence, we must develop an alternative method of computing C(D), especially for large values of D.
Computation of C(D)
Efficient methods for evaluating C(D) have been developed by Shanks [10, 11, 14] . In [10, 11] he discovered a method of finding C(D) which appears to work well when D is fairly small, and in [14] he provided a method of determining C(D) to high accuracy, which will work when D is larger. Indeed,
he provides values for C(-163), C(-77683), C(-l 11763), C(-289963), C(-991027), the latter value being 4.1237067, the largest C-value known Shanks [14] gets 3.2999354 ... for C(-77683) ; however, we evaluated this number in two different ways and still got 3.3003388. Thus we feel that some minor error crept into Shanks' evaluation of C( -77683) . Our results agree with all of Shanks' other evaluations. until now. If we put oo L(s,x) = T,X(n)n~s = Y[(l-x(P)/P where x(n) -(D/n) and (fn) is the Kronecker symbol, then all of these methods require that L(s, x) be computed for various values of 5. If « is the class number of @(\f~D), the value of L(s, x) can be determined fairly readily when the values of h Epstein zeta functions are known. As Shanks [14] can rapidly evaluate these Epstein zeta functions to high accuracy, he can then accurately compute C(D). However, if h is large, this method can be quite slow. It is, however, the best method to use when C(D) is needed to great accuracy. Also, this technique, unlike the one we will discuss below is unconditional.
As it was necessary for us to calculate C(D) for many D-values, some of which were very large, we needed to develop a faster method to compute C(D). We also assumed that evaluating C(D) to eight significant figures would be adequate for the purposes of this note.
We first point out that if we use an idea in [10] , it is a simple matter to show
where the first product on the right is taken over all the primes p which divide D and the second is taken over all primes q such that (D/q) = 1 . Since C(4) = ?t4/90 and Since \h/hx -h/hx\ < B2/hx , we see that «/«, must be in /. It follows that « = «,«2 when (3.6) holds.
If (3.6) does not hold for A, = 1 , we can use the baby step-giant step method of Shanks [12] to find a divisor «, of h such that «, > 1. In fact, since most of the class groups of Q(\ÍD) axe cyclic or close to it (see Cohen and Lenstra [1]), this technique rapidly provides a value of hx which is close to h in value; hence, (3.6) is usually satisfied very quickly.
Numerical results
The method described in §3 was programmed in FORTRAN with some assembly language subroutines and run on an Amdahl 5870 computer. Notice that 110587910656507 allows us to extend Table 2.1. In fact, this number is N4}, N44, and N45. It is rather unfortunate that (-A/43/199) = 1 because (-N4i/p) = -1 for p = 211 , 223, 227, 229, and 223. Thus, if it were not for the value of the Legendre symbol for 199 we would have A/51 = A/43. As it is, the best that we can say here is that N46 > 10 .
In Table 4 Let D' denote the last D-value in Table 4 .2 (D1 = -531... ). As we would expect, for D = -N4} we get a quite large C(Z))-value. What appears, at first, to be somewhat remarkable is that this C(Z))-value is less than C(D') ; however, even though q(-N4J) > q(D'), beyond q(D') we get a higher density of nonresidues for D1 than for -N4i, hence the larger C(D)-value for D'. is a quadratic polynomial which has a higher asymptotic density of prime values than any other such polynomial known to date.
